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TRIANGULAR CURVES AND CYCLOTOMIC ZARISKI TUPLES
ENRIQUE ARTAL BARTOLO, JOSÉ IGNACIO COGOLLUDO-AGUSTÍN,
AND JORGE MARTÍN-MORALES
Abstract. The purpose of this paper is to exhibit infinite families of con-
jugate projective curves in a number field whose complement have the same
abelian fundamental group, but are non-homeomorphic. In particular, for
any d ≥ 4 we find Zariski
(⌊
d
2
⌋
+ 1
)
-tuples parametrized by the d-roots of
unity up to complex conjugation. As a consequence, for any divisor m of d,
m 6= 1, 2, 3, 4, 6, we find arithmetic Zariski φ(m)
2
-tuples with coefficients in the
corresponding cyclotomic field. These curves have abelian fundamental group
and they are distinguished using a linking invariant.
Introduction
Let us consider an algebraic variety V admitting a set of equations whose co-
efficients belong in a number field, E ⊃ Q. Consider σ : E → E a Galois trans-
formation of E, then σ acts on the defining equations of V to produce another
algebraic variety V σ which is classically known as a conjugate variety of V . The
same concept can be extended to any scheme. Note that the extension of σ to C is
not necessarily a homeomorphism and hence V and V σ are not necessarily home-
omorphic. In [12], Serre gave the first such example for a smooth surface whose
conjugate has a non-isomorphic fundamental group. Abelson [1] also found such
examples for smooth projective varieties with isomorphic fundamental groups but
different homotopy types. In addition, he also gave examples of conjugate, smooth
homotopy equivalent, quasiprojective varieties that are not homeomorphic. Other
examples by different authors can be found in [4, 13, 10, 14, 15]. In the previous
examples either fundamental groups are non abelian or they had not been explicitly
calculated.
In this paper we present examples of conjugate plane algebraic curves, or equiv-
alently conjugate complements of curves, whose fundamental groups are abelian
(and hence isomorphic) yet they are not homeomorphic.
In particular, we construct a family of irreducible plane projective curves whose
deformation space is parametrized by the roots of unity of any given order d up
to complex conjugation. Associated with this equisingular space, another family is
constructed whose deformation space is also parametrized by the roots of unity. In
this paper we focus on the topology both of their embedding and their complements.
We prove that curves from different strata have both different embeddings and
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different topological types of their complements. This is in contrast to the simplicity
of the fundamental group of their complements, which is abelian.
Particular examples of birationally equivalent curves, such as the union of smooth
curves with three lines at maximal order flexes have already been considered in the
literature [6], however not necessarily for their topological properties. The topology
of their embedding was also recently studied by T. Shirane in [14], where a splitting
graph is used (a generalization of an invariant introduced in [5]). Shirane also
extended this study to the union of smooth curves and any three non-concurrent
lines in [15]. Some of our computations will apply to these curves as well showing
that their complements are not homeomorphic and their fundamental groups are
still abelian. The invariant we are using is not original of this paper, see [2, 5, 8, 9].
Up to now, this invariant has been considered as an invariant of the pair given by
the projective plane and the curve. In this work, we show that in good conditions
it is an invariant of the complement.
An outline of the paper is as follows: in § 1 we give a description of three families
of curves whose equisingular space is non-connected and their connected compo-
nents are parametrized by roots of unity of their degree up to complex conjugation.
Next, § 2 is devoted to showing when curves in these families have different em-
beddings by means of a linking invariant (first defined in [5] by the first author
and Florens-Guerville) that is sensitive to the embedding of a curve rather than
just the fundamental group of its complement. The purpose of § 3 is to explicitly
describe different members of the different equisingular strata and calculate the
fundamental groups of their complements. Finally, in § 4 we extend our techniques
to the family studied by Shirane who showed that curves in different connected
components of the equisingular strata have different embeddings. These families
share a similar behavior, that is, their complements are also non-homeomorphic yet
their fundamental groups are abelian.
Acknowledgments. The second and third authors want to thank the Fulbright
Program (within the José Castillejo and Salvador de Madariaga grants by Ministerio
de Educación, Cultura y Deporte) for their financial support while writing this
paper. They also want to thank the University of Illinois at Chicago, especially
Anatoly Libgober and Lawrence Ein for their warmth welcome and support in
hosting them.
1. Construction of an equisingular family of curves
The purpose of this section is to construct three families of curves whose equi-
singular strata are not connected. Such families have the property that conjugate
curves belong to different connected components.
1.1. The equisingular family Σ(d) of irreducible cuspidal curves of type
(d, d+ 1).
For any given d ∈ N, d > 1 let us denote by Σ(d) the realization space of
(irreducible) plane projective curves in P2 = P2
C
of degree 2d having exactly three
singular points whose local topological type is ud + vd+1 = 0. Such curves have
genus
(
d−1
2
)
and a classical example is the family Σ(2) of tricuspidal quartics, whose
fundamental group of the complement is the braid group B3(P
1) on three strings
on the sphere S2 as was already known to Zariski [18, 19].
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Before we go any further note that Σ(d) ⊂ PNd for Nd =
d(d+3)
2 is a smooth quasi-
projective variety and that the group PGL(3;C) of projective automorphisms of P2
acts on Σ(d), maybe not freely. However, since PGL(3;C) is a connected topological
group, the number of connected components of Σ(d) and its quotient PGL(3;C)\Σ(d)
coincide. Moreover, since Σ(d) is smooth and quasi-projective, this number is also
the number of irreducible components of these spaces.
The following are properties of any curve C ∈ Σ(d):
(1) Since the singular points are locally irreducible, the curve C is globally
irreducible.
(2) Let Px, Py, Pz denote the singular points of C and Lz the line joining Px, Py.
Since the local intersection number of two curves at a point is at least the
product of their multiplicities, we have
2d = C · Lz ≥ (C · Lz)Px + (C · Lz)Py ≥ d+ d =⇒
{
C ∩ Lz = {Px, Py}, and
C ⋔Px Lz, C ⋔Py Lz.
Hence, Lz is not tangent to C at Px and Py. Analogously occurs with
Lx (resp. Ly) the line joining Py, Pz (resp. Px, Pz). Moreover, since they
intersect pairwise at three different points, we deduce that Lx, Ly, and Lz
are three distinct and non-concurrent lines.
(3) By the previous comment, there is a projective transformation Φ such that
Φ(Lx) = {x = 0}, Φ(Ly) = {y = 0}, and Φ(Lz) = {z = 0} and thus
Φ(Px) = [1 : 0 : 0], Φ(Py) = [0 : 1 : 0] and Φ(Pz) = [0 : 0 : 1]. Hence, up
to a projective change of coordinates, one can assume that C satisfies these
properties. Moreover, the projective transformation is not unique, that is,
any diagonal projective automorphism can be further applied to C.
. . . (d, 0) . . . (2d, 0)(0,0)
...
(0, d)
...
(0, 2d)
Figure 1. Newton polygon
Let F (x, y, z) = 0 be the equation of a curve C ∈ Σ(d) satisfying these properties.
Our purpose is to give the conditions the homogeneous polynomial F of degree 2d
should satisfy. A very useful tool to do this is to consider the Newton polygon of
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f(x, y) = F (x, y, 1) =
∑
0≤i+j≤2d aijx
iyj ,
N(f) = ConvexHull({(i, j) ∈ Z2≥0 | aij 6= 0}).
As a general restriction, since F is a homogeneous polynomial of degree 2d, N(f) ⊂
T ((0, 0), (2d, 0), (0, 2d)), the triangle, or the convex hull of the three points. More-
over, since C has multiplicity d at Px, Py , Pz and the axes are not tangent, the
Newton polygon is the triangle T ((0, d), (d, d), (d, 0)) of Figure 1. The transver-
sality of the axes at the singular points implies that the vertices of this triangle
correspond to non-zero coefficients; we assume that the coefficient of xdyd equals 1.
Moreover, since the Zariski tangent cone at the singularities has only one direc-
tion, each of the (quasi)-homogeneous polynomials of F associated with the sides of
N(f) must be a d-power of type zd(azx+bzy)
d = (bzz)
d(λx+y)d, yd(ayz+byx)
d =
(ayy)
d(z + µx)d, and xd(axy+ bxz)
d = (bxx)
d(γy+ z)d. According to property (3)
above one can further assume that bz = µ = γ = 1. Moreover, since the coefficient
of xdyd is 1, one has ady = b
d
x = 1 and hence the polynomial associated with the
horizontal edge is yd(x+ z)d, the one associated with the vertical edge is xd(y+ z)d
and the one associated with the diagonal edge is zd(y + ζx)d, where ζd = 1 since
λd is the coefficient of xdzd which is 1 in xd(y + z)d. Note that the isomorphism
[x : y : z] 7→ [y : x : z] transforms zd(y + ζx)d in zd(y + ζ¯x)d after an appropriate
diagonal isomorphism. Hence one obtains the following result.
Proposition 1.1. The realization set Σ(d) decomposes in
(⌊
d
2
⌋
+ 1
)
irreducible
(and connected) components Σ
(d)
ζ parametrized by T
+
d := {ζ ∈ C | ζ
d = 1, Im(ζ) ≥
0}.
Proof. As mentioned at the beginning of this section, we will prove the statement
for the quotient space PGL(3;C)\Σ(d), that is, up to projective automorphisms.
The above discussion implies that if C ∈ Σ(d), then there exists a projective
transformation Φ1 sending C to a curve C1 = {Fζ(x, y, z) = 0} (in the same con-
nected component of Σ(d)) such that the polynomials associated with the edges of
its Newton polygon are (x+z)d, (y+z)d, (y+ζx)d, ζd = 1. Moreover, after applying
the symmetry with respect to z = 0 we can assume that Im(ζ) ≥ 0.
Assume the existence of another Φ2 ∈ PGL(3;C) such that Φ2(C) := C2 =
{Fω(x, y, z) = 0}, whose associated polynomials to the edges of its Newton polygon
are (x+ z)d, (y+ z)d, (y+ ωx)d, ωd = 1, Im(ω) ≥ 0. We want to prove that ω = ζ.
This implies the existence of a projective transformation sending {x+z = 0, y+z =
0, y + ζx = 0} to {x + z = 0, y + z = 0, y + ωx = 0} and globally preserving the
lines xyz = 0. This transformation is a composition of a diagonal transformation
and a permutation, and the result follows easily.
To end the proof one needs to show that for each ζ a curve C ∈ Σ(d) exists.
Let us consider a polynomial F whose Newton polygon is as in Figure 1, with the
fixed polynomials in the edges of the triangle. This fact does not guarantee the
topological type of the points Px, Py, Pz . Let us check for Pz . In order to have
this topological type it is enough that the homogeneous part of degree d is coprime
with the homogeneous part of degree d + 1. This is achieved for a generic choice
of the coefficients of the inner triangle in Figure 1 for d > 2; the coefficients inside
this inner triangle have no effect in the local type. For a generic choice no other
singular points will arise (a confirmation of this fact will come later in this section).
The connectivity for each ζ follows easily.
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The case d = 2 is special since the inner triangle mentioned above is empty. In
that case, for ζ = −1, one can check that x2y2+y2z2+x2z2+2xyz(x+y−z) gives an
appropriate equation; however, for ζ = 1, a non-reduced equation is obtained. 
1.2. The equisingular family Σ˜(d) of triangular curves associated with Σ(d).
Let Σ˜(d) be the realization space of the reducible curves formed by an element of
Σ(d) and the three lines joining the singular points, which we refer to as triangular.
This space coincides with the realization space of curves of degree 2d+3 with three
singular points having the topological type of uv((u + v)d + vd+1). The argument
starts by calculating the multiplicity of intersection of a line joining two such sin-
gular points with a curve C˜ in Σ˜(d). Since each singular point has multiplicity d+2,
Bézout’s Theorem implies that the lines are irreducible components of C˜ and hence
C˜ = L1 ∪ L2 ∪ L3 ∪ C with C ∈ Σ(d). Hence combining the previous discussion and
Proposition 1.1 one obtains the following.
Corollary 1.1. The realization space Σ˜(d) decomposes in
(⌊
d
2
⌋
+ 1
)
irreducible (and
connected) components Σ˜
(d)
ζ , parametrized by ζ ∈ T
+
d .
1.3. An equisingular family Σˆ(d) of triangular curves birationally equiva-
lent to Σ˜(d).
Applying the canonical Cremona transformation we obtain a family Σˆ(d), the
realization space of curves formed by a smooth curve of degree d and three non-
concurrent lines which are tangent at d-inflection points, which will also be referred
to as triangular.
Corollary 1.2. The realization space Σˆ(d) decomposes in
(⌊
d
2
⌋
+ 1
)
irreducible (and
connected) components Σˆ
(d)
ζ parametrized by ζ ∈ T
+
d .
This fact was already studied in [6, 14].
2. Zariski tuples of conjugate curves
2.1. A topological invariant of the embedding: the linking number.
We review the results in [14] for completeness. Let Cˆ = C ∪ L1 ∪ L2 ∪ L3 ∈ Σˆ
(d)
ζ
for some ζ ∈ T+d where C is the component of degree d of Cˆ. For the sake of
simplicity the triangle L1 ∪ L2 ∪ L3 is denoted by L. As mentioned above, after a
suitable projective automorphism we can assume that L1 = {x = 0}, L2 = {y = 0},
L3 = {z = 0}, and C = {F (x, y, z) = 0}, where
F (x, 0, z) = (x + z)d, F (0, y, z) = (y + z)d, F (x, y, 0) = (x + ζy)d.
Let us consider a model SC of the d-cyclic covering of P
2 ramified along C,
SC := {[x : y : z : t] ∈ P
3 | td = F (x, y, z)}.
Any deck transformation of the covering should be identified with elements of
H1(P
2 \ C;Z) = Z/dZ, or analogously, with Hom(H1(P2 \ C;Z);C∗). Consider
a character ξ : H1(P
2 \ C;Z) → C∗ such that if µ is a meridian of C, then
ξ(µ) = exp
(
2iπ
d
)
=: ζd. This character is associated with the monodromy au-
tomorphism σ : SC → SC , σ([x : y : z : t]) := [x : y : z : ζdt]) as follows. If
γ is a cycle in P2 \ C based at [x0 : y0 : z0] and γ˜ is the lift of γ starting at
[x0 : y0 : z0 : t0] ∈ SC , then the end point is [x0 : y0 : z0 : ξ(γ)t0].
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Let us construct a cycle γ representing the homology class of a loop based at
[0 : 1 : 0] as a composition of paths γ1 ∗ γ2 ∗ γ3 with γi ⊂ Li \ C. Note that γ is
supported on L \ C and it is based at [0 : 1 : 0] with the following trajectory:
[0 : 1 : 0]
γ1
−−−→ [0 : 0 : 1]
γ2
−−−→ [1 : 0 : 0]
γ3
−−−→ [0 : 1 : 0].
The fact that the contact order is d ensures that the choice of γ does not affect the
value of the character as will be checked below.
The lift γ˜ = γ˜1 ∗ γ˜2 ∗ γ˜3 of γ starting at [0 : 1 : 0 : 1] can be constructed as
follows. First the path γ1 is lifted, since C ∩L1 has equations x = td− (y+ z)d = 0,
it has d irreducible components, and since Im(γ) ∩ C = ∅, the path γ1 lifts to γ˜1
in S1 = {x = t − (y + z) = 0} ⊂ SC . Note that the lift γ˜1 ends at [0 : 0 : 1 : 1],
which is the only point in S1 and the fiber of γ1(1) = [0 : 0 : 1]. Analogously,
since C ∩ L2 is given by {y = td − (x + z)d = 0}, the lift γ˜2 is supported on
{y = t−(x+z) = 0} ⊂ SC and it ends at [1 : 0 : 0 : 1]. Finally, the equations of C∩L3
are {z = td−(x+ζy)d = 0}, and thus γ˜3 is contained in {z = t−(x+ζy) = 0} ⊂ SC
whose end is [0 : 1 : 0 : ζ], i.e., ξ(γ) = ζ, which agrees with the action of the
monodromy σ on γ as discussed above.
Following [5], we will sketch how to obtain a topological invariant from these
data. Let ξˆ : H1(P
2 \ Cˆ;Z) → C∗ be the restriction of a character ξ on P2 \ C
obtained as ξˆ := ξ ◦ i∗, where i : P
2 \ Cˆ → P2 \ C is the inclusion. Consider γˆ a
cycle homologous to γ in H1(P
2 \ C;Z) whose support is outside L = L1 ∪L2 ∪L3.
Then ξˆ(γ) := ξˆ(γˆ) = ζ (since the character ξˆ is trivial on the meridians of the lines)
and hence ξˆ(γ) is well defined since it does not depend on the representative γˆ.
Then, the value of ξˆ(γ) is an oriented topological invariant of (P2, Cˆord, ξˆ), where
the irreducible components in Cˆ are ordered. Analogously, the set {ξˆ(γ)±1} is a
topological invariant of (P2, Cˆ, ξˆ) when the conditions on orientation and ordering
are removed.
2.2. Main results.
For completeness, we include the following result, already proven by T. Shirane,
to be refine in Theorem 2.2.
Theorem 2.1 ([14]). If Cˆζi ∈ Σˆ
(d)
ζi
, ζi ∈ T
+
d , then the pairs (P
2, Cˆζ1) and (P
2, Cˆζ2)
are homeomorphic if and only if ζ1 = ζ2.
Proof. Consider ξ the character defined by ξ(µ) = ζd for a meridian µ of C and γ
the cycle described above. Note that the pair (ξ(µ), {ξˆ(γ)±1}) becomes (ζd, {ζ
±1
i })
when applied to the curve Cˆζi . Since this is an invariant of (P
2, Cˆζi , ξˆ) and {ζi, ζ¯i} 6=
{ζj, ζ¯j}, ζi, ζj ∈ T
+
d if and only if i = j, this proves the only if part.
The if part follows from the fact that two curves in the same equisingular con-
nected component have homeomorphic embeddings. The homeomorphism is ob-
tained via the locally trivial fibration along a compact differentiable path joining
both curves in the equisingular stratum of Σˆ(d). 
Theorem 2.2. Given Cˆζi ∈ Σˆ
(d)
ζi
, ζi ∈ T
+
d , then P
2 \ Cˆζ1 and P
2 \ Cˆζ2 are homeo-
morphic if and only if ζ1 = ζ2.
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Proof. Let U(Cˆζ) be a compact regular neighborhood of Cˆζ and let Mζ := ∂U(Cˆζ)
denote its boundary manifold. This is a graph manifold associated with the plumb-
ing graph of a minimal resolution of Cˆζ (that is, the preimage of Cˆζ is normal
crossing, but that can have self-intersections).
In principle, since Mζ is associated with a normal bundle on the regular part
of the normal crossing divisor associated with the minimal resolution of Cˆζ , the
inclusion Mζ →֒ P2 \ Cˆζ induces only an isomorphism π1(Mζ)→ π∞1 (P
2 \ Cˆζ). Nev-
ertheless, a homeomorphism Ψ : P2 \ Cˆζ1 → P
2 \ Cˆζ2 induces a homeomorphism of
Milnor balls around the singular points of the curves and hence an isomorphism
Ψ∞ : π1(Mζ1)→ π1(Mζ2). From the properties of sufficiently large graph manifolds
(see [17]), this implies the existence of a homeomorphism ΨM : Mζ1 → Mζ2 such
that ΨM ∗ = Ψ
∞. Since the boundary manifolds Mζi come with an extra structure
due to the Milnor fibration around the singular points this homeomorphism pre-
serves the graph structure (see [16] and also the Appendix in [11]). In particular, a
meridian µζ1 of Cζ1 must be sent to µ
±1
ζ2
, ±1-power of a meridian of Cζ2 . Moreover
the above cycle γζ1 must be sent to a ±1-power of γζ2 . Hence ζ1 = ζ2 if such a
homeomorphism exists. 
Corollary 2.1. If C˜ζi ∈ Σ˜
(d)
ζi
, ζi ∈ T
+
d , for i = 1, 2, then P
2 \ C˜ζ1 and P
2 \ C˜ζ2 are
homeomorphic if and only if ζ1 = ζ2.
Proof. Recall that C˜ζ ∈ Σ˜
(d)
ζ is obtained from Cˆζ ∈ Σˆ
(d)
ζ via a standard Cremona
transformation. This birational morphism produces a homeomorphism on their
complements. Theorem 2.2 applies and the result follows. 
3. Fundamental groups of complements of curves in Σ(d), Σ˜(d), and Σˆ(d)
Our goal in this section is to compute the fundamental group for any curve in
C˜ ∈ Σ˜
(d)
ζ and for any d. We will do this using two different techniques.
3.1. Lower degree cases.
Fundamental groups of complements of curves in Σ(d) and Σ˜(d) or Σˆ(d) are only
well understood in the simplest cases, d = 2, 3. Here is a brief account of what is
known.
For the case d = 2, as mentioned above, it is classically known (see [18]) that
the fundamental group of the complement of the tricuspidal quartic C ∈ Σ
(2)
−1 is the
finite metabelian group of order 12
B3(S
2) = 〈σ1, σ2 : σ1σ2σ1 = σ2σ1σ2, σ1σ
2
2σ1 = 1〉
∼= Z3 ⋊ Z4.
It is an easy exercise to check that the fundamental group of the complement of a
curve C˜ ∈ Σ˜
(2)
−1 (a conic with three tangent lines) is the triangle Artin group (2, 4, 4).
For the case d = 3, the fundamental group of the complement of a sextic curve
with 3E6 singularities depended on the connected component in Σ
(3) it belongs
(see [3])
π1(P
2 \ C) =
{
Z/2Z ∗ Z/3Z if C ∈ Σ
(3)
1
Z/2Z× Z/3Z if C ∈ Σ
(3)
ζ3
,
where T+3 = {1, ζ3}. As for Σ˜
(3)
ζ3
it is also shown in [3] that π1(P
2 \ C˜) = Z3 for
C˜ ∈ Σ˜
(3)
ζ3
.
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3.2. Fermat curves.
In this section we present a way to calculate fundamental groups via finite cov-
erings ramified along simpler curves. In this case we will use Fermat curves.
Let us consider the Kummer map Φd : P
2 → P2 given by Φd([x : y : z]) = [xd :
yd : zd]. Note that if L = {x + y + z = 0} then Φ∗d(L) is a Fermat curve. The
preimage of Lx = {y+ z = 0} are d tangent lines to d-inflection points, denoted by
Lx,τ = {y−τz = 0}, where τd = −1. In the same way we consider Ly = {x+z = 0},
Ly,τ = {z − τx = 0} and also Lz = {x+ y = 0}, Lz,τ = {x− τy = 0}.
Proposition 3.1. Let τ := (τ1, τ2, τ3) where τi is a d-root of −1 and consider the
following curve constructions:
(1) Cˆd,τ,1 := Φ∗d(L) ∪ Lx,τ1 ∪ Ly,τ2 ∪ Lz,τ3 with τ := τ1τ2τ3, ζ := τ
2,
(2) Cˆd,τ,2 := Φ
∗
d(L) ∪ Lx,τ1 ∪ Lx,τ2 ∪ Lz,τ3 with ζ := τ1τ
−1
2 and τ1 6= τ2,
(3) Cˆd,τ,3 := Φ
∗
d(L) ∪ Lx,τ1 ∪ Lx,τ2 ∪ Lx,τ3 with ζ := 1 and τi 6= τj, for i 6= j.
Then Cˆd,τ,i ∈ Σˆ
(d)
ζ , i = 1, 2, where ζ ∈ T
+
d .
For i = 3, Cˆd,τ,3 ∈ Σˆ
(d)
1 the closure of the component Σˆ
(d)
1 .
Moreover, one can find a continuous equisingular family of curves {Cˆt}t∈(0,ε] in
Σˆ
(d)
1 such that {Cˆt}t∈(0,ε] → Cˆd,τ,3 where the triangle degenerates onto an ordinary
triple point.
Proof. For the family of curves in (1) consider the following change of coordinates:
x1 = τx+ y + z, y1 = τ
−1
3 (τx + y + τz), z1 = τ2(τx + z + τ
−1y).
Let us consider the homogeneous polynomial F (x, y, z) = xd1 + y
d
1 + z
d
1 . Then
F (0, y, z) = (y + z)d, F (x, 0, z) = (z + x)d, F (x, y, 0) = (ζx + y)d,
and the statement follows.
The proof for the family of curves in construction (2) is analogous considering
the following change of coordinates:
x1 = x+ y + z, y1 = τ3(x+ y), z1 = τ3(τ1x+ τ2y)
and F (x, y, z) = xd1 + y
d
1 + z
d
1 . Then
F (0, y, z) = (y + z)d, F (x, 0, z) = (x+ z)d, F (x, y, 0) = (x+ ζ−1y)d.
For construction (3) consider the following family
{(x− τ1y)(x− τ2y)(x − τ3y − tz)
(
xd + yd + zd − tz
xd + yd
x− τ3y
)
= 0}t∈(0,ε].
One can check that for 0 < t ≤ ε these curves are union of a smooth curve of
degree d and three tangent lines at aligned d-flexes. The fact that these flexes are
aligned only occurs if the curve is in Σˆ
(d)
1 . 
Remark 3.1. Note that construction (1) in Proposition 3.1 produces representa-
tives in Σˆ
(d)
ζ for all ζ ∈ T
+
d in the odd case, whereas construction (2) produces
representatives in Σˆ
(d)
ζ as long as ζ 6= 1. The only representative not produced
directly this way is one in the component Σˆ
(d)
1 for d even.
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3.3. Fundamental group computation.
We start with the fundamental group of a simple line arrangement, whose compu-
tation can be done using its real affine picture shown in Figure 2 where ℓx = {y = 0},
ℓ˜x = {y + z = 0}, ℓy = {x = 0}, ℓ˜y = {x + z = 0}, ℓ = {x + y + z = 0}, and
ℓ∞ = {z = 0}.
ℓx
ℓy
ℓ
ℓ˜y
ℓ˜x
Figure 2. 6-line arrangement
Proposition 3.2. The fundamental group G of the complement of the line arrange-
ment ℓx ∪ ℓy ∪ ℓ˜x ∪ ℓ˜y ∪ ℓ ∪ ℓ∞ ⊂ P2 has generators γx, γy, γℓ, γ˜x, γ˜y and relations
(G1) [γ˜x, γ˜y] = 1, (G2) [γy · γℓ, γ˜x] = 1, (G3) [γ˜x · γy, γℓ] = 1,
(G4) [γy, γx] = 1, (G5) [γx · γ˜y, γℓ] = 1, (G6) [γℓ · γx, γ˜y] = 1.
Moreover, the orbifold fundamental group G˜ of the complement of ℓ∪ ℓ˜x∪ ℓ˜y ⊂ P2
with orbifold locus of order d along ℓx ∪ ℓy ∪ ℓ∞, is obtained as a quotient of G by
the normal subgroup generated by the relations
(G7) γdx = 1, (G8) γ
d
y = 1, (G9) γ
d
∞ = 1,
where γ∞ = (γ˜x · γℓ · γx · γ˜y · γy)−1.
It is important to stress that the previous presentations have a geometrical mean-
ing which will be relevant in the upcoming calculations. The generators γx, γℓ, and
γ˜x on the dashed vertical line in Figure 2 are meridians around the lines ℓx, ℓ, and
ℓ˜x respectively. They are chosen as a geometrical basis on the punctured line and
their product γ˜x · γℓ · γx is the inverse of a meridian around the point at infinity of
such a line. The remaining generators γ˜y, γy are meridians around the lines ℓ˜y and
ℓy respectively, on a horizontal line in Figure 2.
namely, γx (resp. γy) is a meridian of ℓx (resp. ℓy), γ˜x (resp. γ˜y) is a meridian
of ℓ˜x (resp. ℓ˜y), and so are γℓ with respect to ℓ and γ∞ with respect to ℓ∞.
Following the construction given in section 1 one needs to study the Kummer
cover
σ : P2 → P2, [x : y : z] 7→ [xd : yd : zd].
Note that σ is an abelian cover of order d2 ramified along ℓx ∪ ℓy ∪ ℓ∞ with rami-
fication index d whose group of deck transformations is Z/dZ × Z/dZ. A possible
strategy is to decompose σ in two cyclic covers. The first one σ1 : S → P2 can
be seen as an orbifold covering ramified along the lines ℓy and ℓ∞. The second
one σ2 : P
2 → S can be seen as an orbifold covering ramified along the preim-
ages by σ1 of ℓx and [1 : 0 : 0]. If we remove the line arrangement, the covering
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σ1 is defined by an epimorphism ρ1 : G˜ → µd, ρ(γy) := ζ, d-root of unity, and
ρ(γx) = ρ(γ˜x) = ρ(γ˜y) = ρ(γℓ) = 1. Let Kˆ := ker ρ1. Note that σ
−1
1 (ℓ˜y) breaks
in d irreducible components, whose meridians are γjy · γ˜y · γ
j−1
y , 0 ≤ j < d. By
Proposition 3.1(2), we are interested in keeping only one of these lines, say the one
associated with γ˜y. Let Kˆ1 be the quotient of Kˆ obtained by killing the remaining
meridians. It is the orbifold fundamental group of the complement in S of the line
arrangement with orbifold structure at the preimage of ℓx and [1 : 0 : 0].
Lemma 3.1. The group Kˆ1 is generated by γx, γℓ, γ˜x, γ˜y with relations:
(K1) γdx = 1, (K2) (γ˜x ·γℓ ·γx)
d · γ˜y =
1,
(K3) [γ˜x, γ˜y] = 1,
(K4)
[
(ℓ · γ˜x)d, γ˜x
]
= 1, (K5) [γx · γ˜y, γℓ] = 1, (K6) [γℓ · γx, γ˜y] = 1,
(K7)
[
γx, (ℓ · γ˜x)−j · γℓ · (γℓ · γ˜x)j
]
= 1, for 0 < j < d.
Proof. We use Reidemeister-Schreier method. For each generator α of G˜, different
from γy, the generators are αj := γ
j
y · α · γ
−j
y , j = 0, 1, . . . , d − 1. The element γ
d
y
should be also a generator, which can be avoided by (G8). Using (G4), we obtain
γxj := γ
j
y · γx · γ
−j
y = γx,
and we keep only γx0 = γx as generator from γx0 , . . . , γxd−1 . The relation (G7) is
kept (all its conjugates provide the same relation). By the definition of Kˆ1, we keep
only γ˜y = γ˜y0 as γ˜yj = 1, for 0 < j < d.
The relation (G1) also remains and it is unique. We use relations (G2) and (G3)
to eliminate some generators since
γℓj = γ
j
y ·γℓ·γ
−j
y = (γℓ·γ˜x)
−j ·γℓ·(γℓ·γ˜x)
j , γ˜xj = γ
j
y·γ˜x·γ
−j
y = (γℓ·γ˜x)
−j ·γ˜x·(γℓ·γ˜x)
j ,
producing the relation [
(γℓ · γ˜x)
d, γ˜x
]
= 1.
The relations given by (G5) and (G6) are kept and produce for 0 < j < d:[
γx, (γℓ · γ˜x)
−j · γℓ · (γℓ · γ˜x)
j
]
= 1.
Finally the relation (G9) becomes
(γ˜x · γℓ · γx)
d · γ˜y = 1. 
The covering ρ2 is defined by the morphism ρ2 : Kˆ1 → µd such that ρ2(γx) = ζ
and the other generators are sent to 1.
Lemma 3.2. The group K˜ := ker ρ2 is generated by γℓ, γ˜y, γ˜xi := γ
i
x · γ˜x · γ
−i
x ,
0 ≤ i < d with relations:
(K˜1)
[
(γ˜y · γℓ)d, γ˜y
]
= 1,
(K˜2) [γ˜xi , (γ˜y · γℓ)
−i · γ˜y · (γ˜y · γℓ)
i
] = 1 for 0 ≤ i < d,
(K˜3)
∏d−1
j=0(γ˜xj · (γ˜y · γℓ)
−j · γℓ · (γ˜y · γℓ)j) · γ˜y = 1,
(K˜4)
[
((γ˜y · γℓ)
−i · γℓ · (y˜ · γℓ)
i · γ˜xi)
d, γ˜xi
]
= 1 for 0 ≤ i < d,
(K˜5) 1 = [γℓ, (γℓ · (γ˜y · γℓ)
i · γ˜xi · (γ˜y · γℓ)
−i)j · (γ˜y · γℓ)
−1 · (γℓ · (γ˜y · γℓ)
i+1 · γ˜xi+1 ·
(γ˜y · γℓ)
−i−1
)−j ], for 0 < j < d and 0 ≤ i < d.
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Proof. We apply again Reidemeister-Schreier algorithm. We should start with gen-
erators γℓj = γ
j
x ·γℓγ
−j
x , γ˜yj = γ
j
x ·γ˜yγ
−j
x , γ˜xj = γ
j
x ·γ˜xγ
−j
x , and γ
d
x. The generator γ
d
x
drops needed because of (K1). Using (K5) and (K6), we eliminate some generators
γℓi = γ
i
x·γℓ·γ
−i
x = (γ˜y · γℓ)
−i·γℓ·(γ˜y · γℓ)
i
, γ˜yi = γ
i
x·γ˜y·γ
−i
x = (γ˜y · γℓ)
−i·γ˜y·(γ˜y · γℓ)
i
,
and obtain the relation [
(γ˜y · γℓ)
d, γ˜y
]
= 1.
The generator statement has been proven. The relation (K3) becomes d relations
(0 ≤ i < d)
[γ˜xi , (γ˜y · γℓ)
−i · γ˜y · (γ˜y · γℓ)
i
] = 1.
Using the above commutation relations, the relation (K2) becomes
d−1∏
j=0
(γ˜xj · (γ˜y · γℓ)
−j · γℓ · (γ˜y · γℓ)
j) · γ˜y = 1.
The relation (K4) becomes d relations (0 ≤ i < d)[
((γ˜y · γℓ)
−i · γℓ · (γ˜y · γℓ)
i · γ˜xi)
d, γ˜xi
]
= 1.
Finally the relations (K7) produce d(d− 1) relations for 0 < j < d and 0 ≤ i < d:
((γ˜y · γℓ)
−i · γℓ · (γ˜y · γℓ)
i · γ˜xi)
−j · (γ˜y · γℓ)
−i · γℓ · (γ˜y · γℓ)
i · ((γ˜y · γℓ)
−i · γℓ · (γ˜y · γℓ)
i · γ˜xi)
j =
((γ˜y ·γℓ)
−i−1·γℓ ·(γ˜y · γℓ)
i+1· γ˜xi+1)
−j ·(γ˜y· γℓ)
−i−1·γℓ ·(γ˜y ·γℓ)
i+1·((γ˜y ·γℓ)
−i−1·γℓ ·(γ˜y ·γℓ)
i+1·γ˜xi+1)
j ,
that is,
1 = [γℓ, (γℓ · (γ˜y · γℓ)
i · γ˜xi · (γ˜y · γℓ)
−i
)j · (γ˜y · γℓ)
−1 · (γℓ · (γ˜y · γℓ)
i+1 · γ˜xi+1 · (γ˜y · γℓ)
−i−1
)−j ].

3.4. Main results on fundamental groups.
In this section we summarize the main consequences in terms of fundamental
groups for the curves in the equisingular stratum Σˆ
(d)
ζ .
Theorem 3.1. Let C ∈ Σˆ
(d)
ζ , ζ 6= 1, d > 2. Its fundamental group is abelian, in
particular π1(P
2 \ C) = Z3.
Proof. It is enough to prove the statement for a curve as in Proposition 3.1(2), for
which its fundamental group is Kh, 0 < h < d, the quotient of Kˆ1 obtained by
killing γ˜xj , if j 6= 0, h. We can assume h ≥ 2.
The relation (K˜2) produces [γ˜x0 , γ˜y] = [γ˜xh , (γ˜y · γℓ)
−h · γ˜y · (γ˜y · γℓ)h] = 1. The
relation (K˜3) becomes
γ˜x0 · (γ˜y · γℓ)
h · γ˜xh · (γ˜y · γℓ)
−h · (γ˜y · γℓ)
d · γ˜1−dy = 1
and γ˜xh can be taken out from the generators. The second relation above is equiv-
alent to the commutator [(γ˜y · γℓ)d, γ˜x0 ] = 1. For (K˜4) we obtain[
(γℓ · γ˜x0)
d, γ˜x0
]
=
[
((γ˜y · γℓ)
−h · γℓ · (γ˜y · γℓ)
h · γ˜xh)
d, γ˜xh
]
= 1.
Let us consider (K˜5) for j = 1, 2:
[γℓ, (γ˜y · γℓ)
i · γ˜xi · γ˜
−1
xi+1
· (γ˜y · γℓ)
−i−1
] = 1
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and
1 = [γℓ, (γ˜y · γℓ)
i · γ˜2xi · γ˜
−2
xi+1
· (γ˜y · γℓ)
−i−1
].
The above relations for i = 0 become
1 = [γℓ, γ˜x0 · γ
−1
ℓ · γ˜
−1
y ] = [γℓ, γ˜
2
x0
· γ−1ℓ · γ˜
−1
y ].
As a consequence [γℓ, γ˜x0 ] = [γℓ, γ˜y] and the group is abelian. 
Proposition 3.3. Let C be a curve as in Proposition 3.1(3), d > 3. Its fundamental
group is generated by γℓ, γ˜x0 , γ˜x1 , γ˜x2 , where γℓ is central and γ˜x0 · γ˜x1 · γ˜x2 · γ
d
ℓ = 1.
The relations γ˜x0 · γ˜x1 · γ˜x2 = γ˜x1 · γ˜x2 · γ˜x0 = γ˜x2 · γ˜x0 · γ˜x1 correspond to the ordinary
triple point of intersection of the three lines.
Proof. This fundamental group is the quotient of K˜ obtained by killing γ˜y and γ˜xj ,
j ≥ 3. The generators are γℓ, γ˜x0 , γ˜x1 , γ˜x2 and the relations are:
(Kˆ1)
∏2
j=0(γ˜xj · γℓ) · γ
d−3
ℓ = 1,
(Kˆ2)
[
(γℓ · γ˜xi)
d, γ˜xi
]
= 1 for 0 ≤ i < 3,
(Kˆ3) 1 = [γℓ, (γ
i+1
ℓ · γ˜xi · γ
−i
ℓ )
j · γ−1ℓ · (γ
i+2
ℓ · γ˜xi+1 · γ
−i−1
ℓ )
−j ] for 0 < j < d and
0 ≤ i < 2,
(Kˆ4) 1 = [γℓ, γ˜x2 ],
(Kˆ5) 1 = [γℓ, γ˜x0 ].
Let us study the relations (Kˆ3). For i = 0 and j = 1 we obtain [γℓ, γ˜x1 ] = 1. 
Corollary 3.1. Let C ∈ Σˆ
(d)
1 , d > 3. Its fundamental group is abelian, that is,
π1(P
2 \ C) = Z3.
Proof. Let us consider the family {Ct}t∈[0,1] of Proposition 3.1(3).
Ct C0
Figure 3. Degeneration around the ordinary triple point
For t small enough, these curves are equisingular outside a small ball centered
at the ordinary triple point of C0, see Figure 3. The fundamental group of Ct is
obtained from the group in Proposition 3.3 by replacing the relations γ˜x0 ·γ˜x1 ·γ˜x2 =
γ˜x1 · γ˜x2 · γ˜x0 = γ˜x2 · γ˜x0 · γ˜x1 by [γ˜x0 , γ˜x1 ] = [γ˜x1 , γ˜x2 ] = [γ˜x2 · γ˜x0 ] = 1, and the
result follows. 
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4. An extended family of arithmetic Zariski tuples and an open
question
It is worth mentioning that recently, the equisingular stratum Σˆ(d) has been
generalized as follows (see [14, 15]). Fix d ≥ 3 and consider three ordered tuples of
positive integers a := (a1, . . . , an1), b := (b1, . . . , bn2), and c := (c1, . . . , cn3) such
that d =
∑
i a =
∑
j b =
∑
k c.
An Artal-Shirane curve (defined as Artal curve in [14]) of type (d; a,b, c) is
a union of a smooth curve of degree d and three lines La, Lb, Lc such that the
smooth curve intersects the line La (resp. Lb, Lc) at n1 (resp. n2, n3) points with
intersection multiplicities ai, (resp. bj , ck).
For s := gcd(a,b, c) > 1 Shirane proved that these curves provide Zariski tuples
related to s-roots of unity. He used an invariant called splitting graph based on the
linking invariant described in §2.1.
Moreover, the following generalization of Theorem 2.2 on the homeomorphism
type of the complements of such curves can be stated and proven with the same
arguments.
Theorem 4.1. Let C1, C2 be two Artal-Shirane curves of the same type, associated
with distinct and non-conjugate roots of unity. Then, P2 \ C1 and P2 \ C2 are not
homeomorphic.
The interesting fact about these curves lies on the fact that the fundamental
groups of their complements is as simple as it can be. This can be obtained as a
consequence of our Theorem 3.1, Corollary 3.1, Theorem 4.2 and an equisingular
deformation via the following very useful result by Zariski proved in Dimca’s book.
Theorem 4.2 ([7, Corollary 3.2]). Let {Ct}t∈[0,1] be a continuous family of projec-
tive plane curves such that C0 is reduced and the family is equisingular for (0, 1].
Then, there is an epimorphism π1(P
2 \ C0)։ π1(P
2 \ C1).
Corollary 4.1. Let C be an Artal-Shirane curve of type (d; a,b, c) where either
d > 3 or (d; a,b, c) 6= (3; (3), (3), (3)) (with non-aligned intersection points). Then
the fundamental group of C is abelian.
Proof. It is clear that we can deform in an equisingular curve such a curve to a
curve of type (d; (d), (d), (d)) which is in some Σˆ
(d)
ζ ; if d = 3, then ζ 6= 1. The result
is a direct consequence of Theorem 3.1, Corollary 3.1 and Theorem 4.2. 
Turning out attention back to the original equisingular family of irreducible
curves Σ(d) the following question remains open.
Question 4.1. Given two irreducible curves Ci ∈ Σ
(d)
ζi
, i = 1, 2 where ζi ∈ T
+
d ,
ζ1 6= ζ2. Are the pairs (P2, C1) and (P2, C2) topologically equivalent? Are their
complements homeomorphic, or their fundamental groups isomorphic?
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